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The light hadron states are satisfactorily described in the quark model using SU(3) flavor symmetry. If the 
SU(3) flavor symmetry relating the light hadrons were exact, one would have an exchange symmetry between 
these hadrons arising out of the exchange of the up, down and strange quarks. This aspect of SU(3) symmetry 
is used extensively to relate many decay modes of heavy quarks. However, the nature of the effects of 5(7(3) 
breaking in such decays is not well understood and hence, a reliable estimate of 5(7(3) breaking effects is 
missing. In this work we propose a new method to quantitatively estimate the extent of flavor symmetry breaking 
and better understand the nature of such breaking using Dalitz plot. We study the three non-commuting 5(7(2) 
symmetries (subsumed in 5(7(3) flavor symmetry): isospin (or T-spin), (7-spin and F-spin, using the Dalitz 
plots of some three-body meson decays. We look at the Dalitz plot distributions of decays in which pairs of 
the final three particles are related by two distinct 5(7(2) symmetries. We show that such decay modes have 
characteristic distributions that enable the measurement of violation of each of the three 5(7(2) symmetries via 
Dalitz plot asymmetries in a single decay mode. Experimental estimates of these easily measurable asymmetries 
would help in better understanding the weak decays of heavy mesons into both two and three light mesons. 

PACS numbers: 11.30.Hv, 13.25.Ft, 13.25.Hw 


I. INTRODUCTION 

A satisfactory understanding of the light hadronic states us¬ 
ing 5(7(3) flavor symmetry is one of the outstanding success 
stories of particle physics [1-5]. In its true essence the 5(7(3) 
flavor symmetry denotes the full exchange symmetry amongst 
the up (m), down (d) and strange (s) quarks. Another implica¬ 
tion of 5(7(3) flavor symmetry, if it were an exact symmetry, 
is that the mesons formed by combining the quarks u, d, s 
and the antiquarks u, d, s belonging to the same representa¬ 
tion of SU(3) would also be degenerate. One treats the three 
quarks on the same footing even though the quark masses dif¬ 
fer by allowing for a breaking of the symmetry. The success 
of the Gell-Mann-Okubo mass formula in relating the hadron 
masses is that it takes the small 5(7(3) breaking into account 
but does not depend on the details of 5(7(3) breaking effects. 
Such 5(7(3) breaking effects cannot be calculated and must be 
estimated using experimental inputs. Traditionally, the mass 
differences between these mesons have been used as a mea¬ 
sure of the extent of breaking of 5(7(3) flavor symmetry. The 
masses of these mesons, which are bound states of quark- 
antiquark pairs, depend on their binding energies. It is not 
possible to estimate these binding energies from QCD calcu¬ 
lations since these resonances lie in the non-relativistic low 
energy regime. Moreover, the electro-magnetic interactions 
between the quark and the antiquark in the meson also con¬ 
tribute towards its binding energy. Thus, by measuring the 
mass differences amongst the mesons one does not fully so¬ 
licit the breaking of 5(7(3) flavor symmetry. Another usual 
way to explore the breaking 5(7(3) flavor symmetry is to look 
at specific loop diagrams where the down and strange quarks 
contribute. The loop effects affect the amplitude of the pro¬ 
cess under consideration and its physical manifestations are 
then studied for a quantitative estimation of the breaking of 
5(7(3) flavor symmetry. Since up quark has different electric 


charge than down and strange, it can not be treated in the same 
way in these studies of loop contributions. Therefore, such a 
method also fails to probe the full exchange symmetry of these 
three light quarks. Hence, all estimates of 5(7(3) breaking are 
currently empirical. 

Several studies exist in literature that have used broken 
5(7(3) flavor symmetry (i) in various decay modes using the 
methods of amplitudes (usually isospin and (7-spin ampli¬ 
tudes) and various quark diagrams [6-52], and (ii) in deter¬ 
minations of weak phases and CP violating phases [53-64]. 
These methods involve comparison of observables in distinct 
decay modes which are related by some underlying 5(7(2) 
symmetries, such as isospin, (7-spin or V-spin. However, the 
full exchange symmetry amongst the three light quarks has 
not yet been fully exploited, in a single decay mode. Hadronic 
weak decays involve several unknown parameters which can 
be reduced by the use of 5(7(3) flavor symmetry. Since, 5(7(3) 
flavor symmetry is still extensively used to relate the few de¬ 
cay modes of heavy quarks, it is important to realize other 
ways to experimentally measure the breaking of 5(7(3) flavor 
symmetry and understand better the complete nature of 5(7(3) 
breaking. In this paper we propose a method to achieve pre¬ 
cisely this by looking at asymmetries in the Dalitz plot under 
exchange of the mesons in the final state. These asymme¬ 
tries can be measured in different regions of the Dalitz plot. 
In particular these asymmetries can be measured both along 
resonances and in the non-resonant regions. A quantitative 
estimate of the variation of these asymmetries obtained ex¬ 
perimentally would provide valuable understanding of 5(7(3) 
breaking effects. It would also be interesting to And regions 
of the Dalitz plots where 5(7(3) is a good symmetry. The 
5(7(3) flavor symmetry subsumes three important and non¬ 
commuting 5(7(2) symmetries: isospin (or T-spin), (7-spin 
and V-spin. All the members of a 5(7(3) multiplet are re¬ 
lated to one another by combined operations of the raising and 
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FIG. 1. The 51/(3) meson octet of light pseudo-scalar mesons. Here 
the horizontal axis shows the eigenvalues of isospin (T^) and the ver¬ 
tical axis shows the eigenvalues of hypercharge (Y = 6-1-5, with 
B being baryon number and 5 being the strangeness number). The 
dotted lines parallel to (/-spin (or isospin) axis signify that in no two- 
body decays of 6 or £) meson can the two connected mesons appear 
together in the final state as that would violate conservation of elec¬ 
tric charge (or strangeness by two units). 


lowering operators of these individual SU{2) symmetries. In 
this paper we restrict ourselves to the breaking of these SU(2) 
symmetries in combinations. 

We shall work with the three-body decays of the type P —> 
Ml M 2 M 3 , where P can be either a 6 or a D meson and the fi¬ 
nal particles Mi, M 2 and M 3 are distinct members of the light¬ 
est pseudo-scalar SU{3) multiplet (see Fig. 1). Our approach 
towards experimental estimation of breaking of SU(3) flavor 
symmetry, primarily looks for violations of two constituent 
SU{2) symmetries. Therefore, our final state would have a 
pair of particles in one SU{2) multiplet and another pair be¬ 
longing to a different SU(2) multiplet. If the SU(2) symmetry 
is assumed to be exact, the pairs of final state particles that 
are members of the SU{2) multiplet are identical bosons in 
the symmetry limit and must be totally symmetric under ex¬ 
change. This implies that if the wave-function is symmetric 
under 5(7(2) exchange it must be even under space exchange, 
whereas if it is anti-symmetric in SU{2), it must be odd un¬ 
der space exchange too. We shall explicitly explore this ex¬ 
change symmetry to deduce some simple relations that predict 
a pattern in the distribution of events in the concerned Dalitz 
plot. Any deviation from this predicted Dalitz plot distribu¬ 
tion would, therefore, constitute a test of breaking of SU(3) 
flavor symmetry. Dalitz plots have previously been used in 
Refs. [65-67] to extract weak decay amplitudes and to study 
CP, CPT and Bose symmetry violations. Here we use the 
Dalitz plot to look for breaking of SU{3) flavor symmetry in a 
single decay mode. 

We start Sec.II by explaining briefly in subsection IIA the 
kind of Dalitz plot we shall use to elucidate our method and 
also set up the notation to be followed thenceforth. We shall 
then illustrate the method in full detail in subsection IIB by 
considering the decay mode which tests both 


isospin and (/-spin simultaneously. We show in detail how 
the exchange under isospin and K'^ ^ tt® under 

(/-spin results in a characteristic distribution of events in the 
Dalitz plot if both isospin and (/-spin are exact symmetries. 
The method can equally well be applied to the decay mode 
Dj —> . We then show how G-parity generalized to V- 

spin further influences the distribution of events in the Dalitz 
plot. The definition of G-parity and its generalization to U- 
spin and F-spin are discussed in the Appendix A for ready ref¬ 
erence. We provide Dalitz plot asymmetries which can then 
be easily used to make quantitative estimate of the breaking 
of SU{3) flavor symmetry. Then, we sketch out the neces¬ 
sary steps for handling cases of both isospin and V-spin vio¬ 
lation (in subsection IIC) as well as both G-spin and V-spin 
violation (in subsection IID) by considering the decay modes 
6 ^ or 6 “ —> and or respectively. 

Finally in subsection IIE, we sketch out as to how our method 
can be applied to a decay mode where each 

pair of particles in the final state can be directly related by 
one of the three SU{2) symmetries, namely isospin, G-spin 
and V-spin. We point out how the Dalitz plot distribution for 
this mode differs from the ones considered in the earlier sub¬ 
sections. Finally, we conclude in section III emphasizing the 
salient features of our method. 


II. THE METHOD 
A. General considerations 

The method described in this paper relies on the simulta¬ 
neous application of two of the SU(2) symmetries subsumed 
in SU(3) i.e. isospin (or T-spin), G-spin or V-spin, to a three 
body decay P —> Mi M 2 M 3 , where Mi, M 2 and M 3 are cho¬ 
sen such that Ml and M 2 belong to the triplet of one of the 
SU{2) subgroups and M 2 and M 3 belongs to another. To be 
definite M 2 is always chosen to be the and the modes we 
consider are listed in Table I. Under the limit of exact SU{2) 
all the meson belonging to the triplet are identical bosons and 
must exhibit an overall Bose symmetry under exchange. This 
behavior must also be reflected in the Dalitz plot for the de¬ 
cay. We can construct a Dalitz plot out of the Mandelstam-like 
variables s, t and u. Let us denote the 4-momenta of particles 
P and M, (where i e (1,2,3)) by p and p, and their masses 
by m and m, respectively. The variables s, t, u are defined in 
terms of the 4-momenta as follows: 

P\f = (F 2 + P^f , 

t ^{p-Pif ^(P\+Pif , (1) 

u^(p- Pif = (p\ + Pif ■ 

It is easy to observe that {m 2 + m^Y < s ^ {m - mj)^, 
{mi + m^f' t {m — 1112 )^, {m\ + OT 2 )^ u {m - m-^f', 
and s + t + u - m'^ + m\ + m\ + irt^ - (say). In order to 

give equal weightage to s, t and u we shall work with a ternary 
plot of which s, t, u form the three axes. This leads to an equi¬ 
lateral triangle as shown in Fig. 2. When the final particles 









3 


Final state 

Kind of 5(7(2) exchange 

Expression for the state 

Ml 

M 2 

Mi 

A/[ ^ M.2 

M.2 ^ ^3 

\M 1 M 2 ) 

\M 2 Mi) 




(/-spin 

Isospin 

j^(|2,+l>t, + |l,+l>a)-f Il',+l>u 

-^(|2,+1>2-|1,+1>,) 

a:+ 

7T° 

7l~ 

V-spin 

Isospin 

-j^(|2,+l>v + |l,+l>v)+f Il',+l>v 

^(|2,-1>2 + |1,-1>,) 

K+ 


Ro 

V-spin 

(7-spin 

-^(|2,-H>v,-Hl,+l>y)+ f |l',+l>v 

^(|2,-l>i2 + |l,-l>c,)-f 



K<' 

Isospin 

(7-spin 

-^(|2,+1>2 + |1,+1)2) 

-^(|2,-l>M + |l,-l>u) + f |1'.-1>U 


TABLE I. We look at decays with the final states M 1 M 2 M 3 given as in the table here. The particle M 2 , which is always ;r“, being at the center 
of the pseudoscalar meson octet belongs to all the three 5(7(2) symmetries under consideration. The states are denoted with subscripts for 
clarity, e.g. the state \U = l,U^ = +1) is denoted as |1, +1);/. Modes with conjugate final states can as well be studied in a similar manner. 
The primed states such as |1',±1) arise from the |0,0) component of ;r“ under (7-spin and T-spin considerations as discussed in the text. 
The last mode in the table with final state has another exchange symmetry, namely exchange of and under V-spin. Thus 

= -^(|l,0>v/ + |0,0>v) under V-spin. 


are ultra-relativistic, the full interior of the equilateral trian¬ 
gle tends to get occupied. In any case the Dalitz plot under 
our consideration would always lie inside the equilateral tri¬ 
angle. The physically allowed region is schematically shown 
in Fig. 2 by the yellow colored region inside the equilateral tri¬ 
angle. The boundary of the Dalitz plot for a three-body decay 
process under consideration would not look symmetric under 
the exchanges s <-> f <-> m due to the breaking of flavor 5(7(3) 
symmetry on account of masses m\, m 2 and m 3 being differ¬ 
ent. Any event inside the Dalitz plot, as illustrated in Fig. 2, 
can be specified by its radial distance (r) from the center of 
the equilateral triangle and the angle subtended by its position 
vector with any of the three axes s, t, or u. The angle sub¬ 
tended by the position vector with s-axis is denoted by 6, the 
one with M-axis is denoted by 0' and the one with f-axis is de¬ 
noted by 6”. An event described by some values of s, t and u 
corresponds to some values of r and 6 as calculable from the 
relations given below; 


5(7(3) octet state |0,0)j/g = 3 ^ (dd -H ss — 2 mm): 

1 ^°)= (6) 

Similarly in case of V-spin, tt® is given by a linear combination 
of the V-spin triplet state |1,0)j/ = (ss - mm) and the V-spin 

singlet but 5(7(3) octet state |0,0)v;8 = (mm + ss - 2dctj: 

k") = -^|l,0)y+^|0,0)v,8- (7) 

We have put subscripts I, (7, V in the states to indicate that they 
are written in isospin, (7-spin and V-spin bases respectively. 

B. Decay Mode with final state 


M^, X 

s — —(1 + r cos 0j, 


3 

m2 


f = — 1 H- r COS — + h 


27T 


m2 


M = — \ \ +r cos- 0 . 


2n 


( 2 ) 

(3) 

(4) 


One can easily change the basis from (r, 0) to either (r, 0') or 
(r, 0") by noting the fact that 0 - 0' + ^ and 0 - 0” + ^ (see 
Fig. 2). 

Before we analyze the specific decay modes, we would like 
to point out a few simple facts about the neutral pion, which 
plays a pivotal role in all our decays. The neutral pion is a 
pure isotriplet state | 1 , 0 )/ s (dd - mm): 


We begin by considering as an example the decay mode 
We will see that the application of both isospin 
and (7-spin results in unique tests of the validity of both these 
constituent symmetries of 5(7(3). The tt® and in the final 
state are identical under isospin and the final state must be 
totally symmetric under exchange. Under (7-spin (see Fig. 1) 
the and can be considered as identical bosons and must 
similarly be totally symmetric under exchange. This ensures 
the following exchanges in the Dalitz plot: 

(7-spin exchange s /T*' <-> tt® s <-> f, 
isospin exchange = <r^ t <r^ u. 

Under exact (7-spin and isospin, the final state has, 

therefore, the following two possibilities: 




(5) 


1 . would exist in either symmetrical or anti- 

symmetrical state w.r.t. their exchange in space, and 


But in case of (7-spin it is a linear combination of the (7-spin 2 . would exist in either symmetrical or anti 

triplet state 11,0)j/ s ^ (ss - c/c/) and the (7-spin singlet but symmetrical state w.r.t. their exchange in space. 
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FIG. 2. A hypothetical Dalitz plot for the decay P —> M 1 M 2 M 3 , 
where the variables s, t, u are defined in Eq.(l). The three sides of 
the equilateral triangle are given by i = 0, t = 0 and u = 0. The 
three vertices A, B, C, correspond to i = M^, u = and t = 
respectively. The three medians divide the interior of the equilateral 
triangle into six regions of equal area. These six sextants are denoted 
by /, II, III, IV, V and VI. The three vertices A, B, C of the equilateral 
triangle have rectangular coordinates A = (0, 2), B - V3, -1) and 

C - (Vs,-1). This rectangular coordinate system has its origin at 
the center of the equilateral triangle and the y-axis is along the i-axis 
as shown here. The angles 9, O' and 6 " are defined in the text.The 
blobs with Ml, M 2 and M 3 serve as mnemonic to suggest that the 
exchanges i t m are equivalent to the particle exchanges M, 

M 2 M 3 respectively. The physically allowed region is always 
inside the equilateral triangle as shown, schematically, by the yellow 
colored region. 


The amplitude for this decay, would then be described by 
four independent functions defined by their symmetry and 
anti-symmetry properties as enunciated below: 

1. which is symmetric under both s «-> f and 
f «-> M, or 

2. IPIaa(s, t, u) which is anti-symmetric under both s <-» f 
and f <-> M, or 

3. IPIsa(s, t, u) which is symmetric under s ^ t and anti¬ 
symmetric under t u, or 

4. IHas (s, t, u) which is anti-symmetric under s <-» f and 
symmetric under t ^ u. 

We now analyze each of the possible amplitude functions 
in the most general manner. We start by IPlssis, t, u), which 
is a function symmetric under both s ^ t and f <-» m to show 
that IHss T «) must also be symmetric under s ^ u: 

:Hss(s, t, u) = s, u) = IRssiu, s, t) 


= lPlss(u,t, s). 


Since, we have shown that ,^55 (s, t, u) - lPlss(u, t, s), we have 
demonstrated that lMss{s,t,u) is also symmetric under s «-> 
u. Hence, we conclude that J[ss{s,t,u) is a fully symmetric 
amplitude function. Let us next consider IPIaa(^, t, u) which 
is a function anti-symmetric under both i <-> f and f <-> m to 
show that it is also anti-symmetric under s <-» m: 

IPlAAi^, t, u) = -JiAAit, S, u) = +J{aa{iI, S, t) 

= -IRaa(u, t, s). 


Since, IPIaa{s, t, u) - -JIaa{u, t, s) we require that IPIaa{s, t, u) 
must also be anti-symmetric under s ^ u. Hence, we 
conclude that IPlAA(s,t,u) is a fully anti-symmetric ampli¬ 
tude function. Following the same arguments as above it is 
easy to conclude that both t, u) and t, u) must 

be identically zero. The details are as follows. The func¬ 
tion IMsa{s, t, u) which is symmetric under s <-» f and anti¬ 
symmetric under f <-» m must satisfy 

JIsa(s, t, u) = J{-sA(t, s, u) = -JIsa{u, s, t) 

= -IRsa{u, t, s) = +IHsA(t, u, s) 

= +IPIsa(s, u, t) = -JIsa(s, t, u) = 0. 


Similarly, I71as(s, t, u) being a function anti-symmetric under 
s f and symmetric under f <-» m satisfies 


IPIas(s, t, u) = -JlAs(t, s, u) = -IPIas(u, s, t) 

= +IRas (u, t, s) = +IPIas (t, u, s) 

= -IPIas {s,u,f) = -IHas (i, t, u) - 0. 


We have shown that both JIsa(s, t,u) — 0 and I71sa(^, t, u) — 0, 
which implies that these amplitudes never contribute to the 
distribution of events on the Dalitz plot. Since, the function 
describing the distribution of events in the Dalitz plot is pro¬ 
portional to the amplitude mod-square, it also has only two 
parts, one which is fully symmetric under i <-> f <-4 m, and 
another which is fully anti-symmetric under s ^ t ^ u. 

We now examine the decay mode B"' —> in detail, 

by writing down the decay amplitude in terms of isospin and 
t/-spin amplitudes, eventually obtaining the same conclusion 
as above about the distribution of events in the Dalitz plot un¬ 
der consideration. The combination can exist in isospin 
states |2, -1-1)/ and |1, -i-l)/ (see Table I). If isospin were an ex¬ 
act symmetry, the state would remain unchanged un¬ 

der <-> TT^ exchange. This puts the |2, -i-l)/ state in a space 
symmetric (even partial wave) state, and the |1, H-1)/ state in 
a space anti-symmetric (odd partial wave) state. The isospin 
decomposition of the final state is given by 




1 

1 


5 _^lV V3 
Vio 

3 -^ir 1 

2’^2//" v! 


3 1 

1 1 
—, H— 

2 2 


( 8 ) 
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where the superscripts e, o denote the even, odd nature of the 
state under the exchange <-» The sign change in the 
odd states above is due to the odd | 1 , + 1 )/ isospin component 
of the state switching sign under <-> exchange, 

whereas the |2, +1)/ is even under the same exchange. Since 
has isospin state and only AI = 0,1 currents 

are allowed by the Hamiltonian in standard model, we would 
have no contributions from state. The state 

can arise from both Ij, - ® | 2 , + 1 )/ and jj, - ® | 1 , + 1 )/, 

with the first contribution being symmetric and the later being 
anti-symmetric. The state ||, + 5 )^ on the other-hand is purely 
anti-symmetric. Even though we shall work with the standard 
model Hamiltonian, our conclusions are general and are valid 
even when more general Hamiltonians exist. 

The isospin I - \ initial state decays to a final state that 
can be decomposed into either I - | or / = | states via a 
Hamiltonian that allows A/ = 0 or A/ = 1 transitions. The 
transition with A/ = 1 results in two amplitudes with / = 5 or 
I - \ represented as T, 1 and T, 3 respectively, whereas A/ = 0 
transition results only in a single amplitude with final state 
I - \ labeled as r„ 1 . The isospin amplitudes T; 1 , T; 3 and Ti 1 
are themselves defined [16] in terms of the Hamiltonian to be; 


Ta 


ToA - 


HI 




A/=l 


r.,! 


^M=\ 


1 1 
—, + — 

2 2 

1 1 
—, + — 

2 2 




A/=0 


(9) 


The amplitude for the decay can then be writ¬ 

ten in terms of the isospin amplitudes as 


VTo " 

( 10 ) 


where X and Y sin0 are introduced to take care of the spa¬ 
tial and kinematic contributions as is seen from the discussion 
above (see Eqns. (3) and (4)). In general, X and Y can be ar¬ 
bitrary functions of r and cos 6. The functions X and Y are in 
general mode dependent, however, they are same for modes 
related by isospin symmetry. We retain the subscripts ‘e’ and 
‘o’ merely to track the even or odd isospin state of the two 
pion in the three-body final state. 

On the other hand, if t/-spin were an exact symmetry the 
state must remain unchanged under <-» exchange. 
Under t/-spin the K^tt^ state can exist in |2, H-l);/ and |1, -i-l);/ 
(see Table I), out of which |1, H-l)j/ has a contribution from the 
|0,0)[/8 admixture in which is denoted by |l',-i-l)j/. Both 
\2,+\)ij and the |l,-i-l)t/ coming from the | 0 , 0 )j /,8 contribu¬ 
tion of 71^ exist in space symmetric (even partial wave) states, 
and that part of 11 , - 1-1 )y arising out of 11 , 0 ) j/ part of if' exists 
in space anti-symmetric (odd partial wave) state. The t/-spin 


decomposition of the final state is given by 




1 


2 Vs 

1 


5 1 
2 ’’'’ 2 * 


u 


2 V 6 


3 1 


V3 
2 VTo 
1 

2V3 


3 1 

—, H— 

2 2 


1 1 
r^2 


1 

+ — 

2 


3' 1 

—, H— 

2 2 


V2 


T 1 
—, H— 

2 2 


( 11 ) 


where the superscripts e, o denote that the state is even, odd 
under the exchange /f*' «-> n^. The origin of sign change in 
the odd terms above is easy to understand from the t/-spin 
decomposition of the state: 




which transforms as follows under the K'^ <-4 exchange 



2 V 2 


(| 2 ,+l>j/-|l,+l)i 




We recollect that |1, -i-l)y is an odd state under A'*’ «-> ex¬ 
change, whereas \2,+\)u and |l',-i-l)j/ are even states under 
the same exchange. It is easy to see that I 5 , + 5 )^^ and ||, + 5 )^ 
states do not contribute since the parent particle is a t/-spin 
singlet, and only the At/ = 1 current contributes to the decay. 
This unique feature follows from the fact that the electroweak 
penguin does not violate t/-spin as d and s quarks carry the 
same electric charge (see [34]). Hence, only the \ and 

|y, 1^^ can contribute to the decay amplitude and they cor¬ 
respond to anti-symmetric and symmetric contributions under 
<-4 respectively. The t/-spin amplitudes 


/ 2/1 1 
Ui 1 — ±'\/ — (—,± — 
2-5 V3\2 2 

, /^/l' 1 




A£/=| 


0,0 




A£/=l 


0 , 0 ). 


( 12 ) 


Hence, the amplitude for the decay can then be 

written in terms of the t/-spin amplitudes as 


A(B+ 


K 7T 71 ) — 


3 

- X' + U° , T'sin 6 >', 

VTo 


(13) 


where X' and Y' are functions that are, in general, arbitrary 
functions of r and cos 6', and are introduced to take care of 
spatial and kinematic contributions to the decay amplitude. 
The subscripts ‘e’ and ‘o’ are again retained to merely track 
the even or odd t/-spin state of and tjP in the three-body 
final state. As argued earlier the amplitude for the decay has 
two parts, one fully symmetric under the exchanges s <-4 f <-> 
u (i.e. ^ss{s, t, u)) and another fully anti-symmetric under the 
same exchanges (i.e. ^AA(s,t,u)). Comparing Eqs. (10) and 
(13) we obtain; 


•^ss - 



3 

VTo 


TjfQ 
^ 1 1 
2’2 


Z' 


(14) 




























6 


^aa = —+ T°, + 

^2'' ‘’3 ‘-J 

= ^/^rsin0'. (15) 

2’2 

The exchange s ^ t ^ u being equivalent to 0 <-> 0 ' <-> 0 ", 
implies that the fully anti-symmetric amplitude ^aa(s, t, u) 
must be proportional to sin 30 because sin 30 = sin 30' = 
sin 30" as 0 = 0' -H y = 0" H- y. From elementary trigonom¬ 
etry we know that sin 30 = sin0 ^4cos^0- 1^. This implies 
that the factor (4cos^ 0 - l) is an even function of cos 0 and 
is a part of both Y and Y' in Eq. (15), i.e. Y - y (4cos^ 0 - l) 
and Y’ - y' {A- cos^ 0' - l) for some y and y' such that 

^AA = -^(r°3+r°,+r.)ysin30 

= t/° 1 / sin30'. (16) 


t <r^ U 



VI ^ I 

t <r^ U 


of 0 , the choice of which is subject to the underlying symme¬ 
try being considered (see Fig. 3). Henceforth we shall drop 
(r, 0 ) from the distribution functions, except when necessary, 
as we implicitly assume the r and 0 dependence in them. The 
distribution function must have only two parts as said above, 
the fully symmetric and the fully anti-symmetric parts. Let us 
assume that in sextant I the Dalitz plot distribution is given by 
the function 


fi ^ fss(s,t,u) + fAA(s,t,u). (19) 

It is then trivial to see that the Dalitz plot distributions in the 
even numbered sextants should be identical to one another, 
and the odd numbered sextants would also be identically pop¬ 
ulated, because 


fi = fin ^ fv ^ fss(s,t,u) + fAA(s, t, u), (20) 

/// = fiv = fvi = fssis, t, u) - fAAis, t, u). ( 21 ) 

This is the signature of exact SU(3) flavor symmetry in the 
Dalitz plots under our consideration. Any deviation from this 
conclusion would constitute an observable evidence for viola¬ 
tion of the SU(3) flavor symmetry. 

Until now the exchange properties of <-> if under U- 
spin and tt® <-> under isospin have been used to obtain the 
even and odd amplitudes contributing to Since 

and belong to different multiplets of V-spin, in order to 
consider the symmetry properties under <-> one needs 
to define the G-parity analogue of V-spin, denoted by Gy and 
defined in the Appendix A. Since charge conjugation is a good 
symmetry in strong interaction, Gy is as good as V-spin itself. 
The state is composed of states which are even and 

odd under Gy-parity: 


where 


FIG. 3. Exchanges that take us from one sextant to another in the 
Dalitz plot. It must be noted that the following exchanges are also 
equivalent: i- t m = 0 0' 0" as well as f m = 0 -0, 

J r = 0' -0' and U <rA S = 0" <rA -0". 

The Dalitz plot can be divided into six sextants by means of 
the s, t and u axes which go along the medians of an equilat¬ 
eral triangle as shown in Figs. 2 and 3. Since the Dalitz plot 
distribution function is proportional to the amplitude mod- 
square, it would also have a part which is fully symmetric 
under s <-> f <-> m (denoted by fss(s,t,u)) and another part 
which is fully anti-symmetric under the same exchanges (de¬ 
noted by fAAis, t, u)): 

fssis,t,u) oc \J[ssis,t,u)\^ + \J{AAis,t,u)\^ , (17) 

fAAis, t,u) oc 2Re{^9lssis,t,u) ■ y[^^(s, f, m)). (18) 

Let us denote the function describing distribution of events 
in any sextant, say the /th one, of the Dalitz plot by fiir, 0), 
where the coordinates (r, 0 ) lie in the sextant i and we could 
have as well used the other equivalent choices 0 ' or 0 " instead 


and 

Gy = -H , 

I /e ' /e 

GykV) =-|^V) . 

We have already proven that the amplitudes for the decay 
has two parts one even and the other odd under 
the exchange of any two particles in the final state. Hence, 
IBss is odd under Gy and IBaa is even under Gy. Since the 
two Gy-parity amplitudes do not interfere the two amplitudes 
I/lss and IBaa do not interfere in the Dalitz plot distribution 
resulting in /aa being zero (Eq. (18)). Therefore if Gy is a 
good symmetry of nature it is interesting to conclude that the 
Dalitz plot is completely symmetric under s <-> t <-> m. This 
implies that 

// = fii = fin - fiv - fv - fvi = fssis, t, u). ( 22 ) 
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This expression holds only if isospin, f/-spin and V-spin are 
all exact symmetries. However, if Gy is broken the Dalitz plot 
distribution will still follow Eqs. (20) and (21) when isospin 
and t/-spin are exact symmetries. In the case when Gy is ex¬ 
act, the exchange properties of the distribution functions // 
to fvi imply that if, (a) t/-spin is an exact symmetry, then 
fii = fill, fi = fiv and fv = fvi irrespective of the validity 
of isospin symmetry, (b) isospin is an exact symmetry, then 
/// = fv, fi - fvi and //// = fiv irrespective of the validity of 
f/-spin symmetry. However, when both Gy and either isospin 
or t/-spin is broken, then the Eqs. (20) and (21) are no longer 
valid. In such a case, we have the following possibilities: 

• Test for isospin symmetry: By isospin symmetry, the 
sextants I, II, III get mapped to the sextants VI, V, IV 
respectively. We note that when isospin is not broken, 
then 


fi + fvi - fill + fiv - fv + fii - '2.fss(s,t, u), (23) 

fl - fvi = fill - fiv - fv - fll - '^fAAis, t, u). (24) 


However, when isospin is broken, the values of fss and 
/aa extracted from sextants I and VI need not be same 
with those extracted from either II and V or III and IV. 
Eor further clarification of this statement, we introduce 
two quantities El and A1 defined as 

tj(r,0)^fi + fj, (25) 

A‘j(r,e)^fi-fj, (26) 

where i and j are two sextants and i + j. Eor concise¬ 
ness of expressions, we shall also drop the explicit (r, 9) 
dependence of El and Al. In terms of these quantities, 
the signature of isospin breaking can be succinctly sum¬ 
marized by the inequalities 

Ily, + E™ + E);, (27) 

A(,, + A™ + (28) 


An asymmetry can now the constructed to measure the 
isospin breaking as follows: 


^Isospin “ 


y/ y///; 

^IV \ 

+ 

y/// yV 
^IV 

-H 

yV' 

1 

M 

Y‘ + E™ 

^VI ^ ^IV 

E™ -1- E'' 

^IV + ^77 

y^ 

^11 



1 

<1 

+ 

<1 

1 

1 

+! 

<1 

<1 

1 


A ^^^ + A ^ 

<1 

+ ^ V 7 


(29) 


• Test for t/-spin symmetry: By t/spin symmetry, the 
sextants VI, I, II get mapped to the sextants V, IV, III 
respectively. We note that when f/-spin is not broken, 
then 

Ejy = E™ = Ej:, = 2/s5(i,f,«), (30) 

A]y^A\]^^Al,^2fAA{s,t,u). (31) 

Here it is profitable to consider the E’s and A’s being 
functions of (r, 0') as we are considering s <-> t ex¬ 
change which is equivalent to 9' <-> -9'. When t/-spin 
is broken 


A\y + A™ + A\^. (33) 

The asymmetry for t/-spin breaking is, therefore, given 
by 


yl ylll 

^IV ^// 

+ 

ylll yV 

^11 ^V1 

+ 

yy 

^V1 

-y,v 

y7 , ylll 
^IV + ^77 

E™ -1- E'^ 

^II ^ ^VI 

yy 

^V1 

+yiv 


^IV ^11 

-1- 

A^^^ - A^ 

^11 ^V1 

+ 

Ki 

-^iv 

^IV ^ ^11 

A^^^ + A^ 

^11 ^ ^ VI 

Ki 

+ A\v 


■ (34) 


• Test for V-spin symmetry: As said before, Gy-parity is 
as badly broken as the V-spin because charge conjuga¬ 
tion is a good symmetry. When V-spin symmetry is 
broken, then Gy is also broken, and the distribution of 
events in the Dalitz plot sextants would follow Eqs. (20) 
and (21). In addition to that, when V-spin is broken, /f® 
and ifi need not be even under exchange. This leads to 

E}; + E™ + E^„ (35) 

A); + A"/ + A]j. (36) 

The asymmetry for V-spin breaking is, therefore, given 
by 


^V-spin 


E'' - E^ 

^IV ^II 

+ 

yl ylll ; 

^11 ^V1 1 

+ 

ylll 

^V1 

1 

M 

yy -1- E^ 

^IV + ^77 

E^ -1- E™ 

^II ^ ^VI 

ylll 

^V1 

+ 

M 


<1 

-^n\ 

+ 

^11 ^V1 1 

+ 

A^^^ - A^ 
^V1 ^iv 

<1 

+ ^77 

A^ +A^^^' 

^11 ^ ^V1 

A^^^ + A^ 

^V1 ^ ^IV 


(37) 


Hence, the extent of the breaking of isospin, t/-spin and 
V-spin can easily be measured from the Dalitz plot distribu¬ 
tion. The asymmetries measuring isospin, f/-spin and V-spin 
are functions of r and 30 = 30' = 30" (see the discussion 
leading to Eq. (16)). These asymmetries are, thus, valid in the 
full Dalitz plot, including the resonant contributions and can 
be measured in different regions of the Dalitz plot. In particu¬ 
lar these asymmetries can be measured both along resonances 
and in the non-resonant regions. A quantitative estimate of the 
variation of these asymmetries obtained experimentally would 
provide valuable understanding of SU(3) breaking effects. It 
would also be interesting to find regions of the Dalitz plots 
where SU(3) is a good symmetry. The procedure discussed 
above can also be applied to other decay modes with the same 
final state. In particular one can study the Dalitz plot distri¬ 
bution for the decay in a similar manner. The 

amplitudes for this mode are tabulated in Table. II. 


C. Decay Mode with final state 

Let us now consider the decay or in 

which isospin symmetry allows the exchange of tt® and tt , 
and V-spin symmetry allows exchange of and if. This 
leads to the following exchanges in the Dalitz plot: 


(32) 


y-spin = K^ <H, if ^ 


^iv ^ ^7/ ^ ^y/> 


S <rA t. 



B+ ^ K° 7 T°n^ 

Isospin (initial state | ^^ 

{/-spin (initial state |0,0)) 

transition 

final state 

symmetry 

Amplitude 

transition 

final state 

symmetry 

Amplitude 

A1 = 1 

1- +-) 

mixed 

-^T%X+ -^T%Y sine 
VIO 1,5 V2 1,5 

AU = i 


1- +-) 
|2’^2/ 


odd 

-^{/^rsine' 

A1 = 1 

l2’^2/ 

odd 

--tT”, Tsine 

V2 1,1 

AU = 


1 +i'^ 

2’^2 j 

) 

even 

2 ’ 2 

> 

II 

o 

1- +-) 
|2’^2/ 

odd 

Tsin6» 

V2 0,1 


£>+ ^ K° 7 T° 7 T^ 

Isospin (initial state | 0 , 0 )) 

{/-spin (initial state +0) 

transition 

final state 

symmetry 

Amplitude 

transition 

final state 

symmetry 

Amplitude 

A/=| 

1- +-) 
|2’^2/ 

mixed 

,X+ Tsine 

VIO 5,3 V6 5,3 

AU = 1 


1- +-) 
|2’^2/ 


mixed 

- ^-i=U‘ ,X' - -^U\Y' sine' 

2VI0 1,5 2V2 1,5 

— |(N 

II 

<1 

1- +-) 
|2’^2/ 

odd 

-^^^Tsin0 
^ 2'2 

AU = 1 


r +i' 

) 

even 

^U'\,X' 

2 1,2 


AU = 1 


1- +-) 
l2’^2/ 


odd 

-^u° .Y' sine' 

2V2 1,1 

AU = 1 


1' +i' 

2 ’ ^2y 

) 

even 

^U'\,X' 

1,7 

Af/ = 0 


1- +-) 
|2’^2/ 


odd 

-^U%Y’ sine' 

2V2 0,5 

Af/ = 0 


1' +i' 

2 ’ ^2y 

) 

even 

4u'\,X' 

2 0,1 


TABLE II. Comparison of decays of B* and to the final state . 


fi® ^ 

Isospin (initial state 

L-spin (initial state |0,0>) 

transition 

final state 

symmetry 

Amplitude 

transition 

final state 

symmetry 

Amplitude 

AI = 1 

1- 

|2’ 2/ 

mixed 

-^T\X +-^T\Y sine 
VTo 1,3 V2 1,5 

AV= 1 


1- +-) 
|2’^2/ 


mixed 

^3 3 ^" + Tl? V3 3 5 "" sin 
2VT0 3^3 2V6 3^3 

AI = 1 

1- 

l2’ 2/ 

odd 

--^r'’,Tsine 

V2 1,1 

AV= 1 


r +1' 

) 

even 

-fV/'e X" 

2 3 3 

?’? 

A/ = 0 

1- 

|2’ 2/ 

odd 

-^r", Tsine 

V2 0,1 

AL= ^ 


1- +-) 
|2’^2/ 


odd 

^Vr.T" sine" 


AV= j 


r +1' 

2 ’ ^2y 

) 

even 

Vs \//e V" 

V2 

B® ^ K^n^n- 

Isospin (initial state | 0 , 0 )) 

V-spin (initial state |^, +0) 

transition 

final state 

symmetry 

Amplitude 

transition 

final state 

symmetry 

Amplitude 

A/=| 

1- 

|2’ 2/ 

mixed 

.a-h Tsine 

VIO 5,3 V6 33 

AL = 1 


1- +-) 
|2’^2/ 


mixed 

^ EC /{" -F F" sin 0" 

2VI0 1,2 2V2 1,5 

A/=i 

1- 

|2’ 2/ 

odd 

-^rr.Tsine 

Ml 

AL = 1 


r +1' 

) 

even 

-4v'\,x" 

5 1,5 


AL = 1 


1- +-) 
l2’^2/ 


odd 

F" sine" 

2V2 1,1 

AL = 1 


r +1' 

) 

even 

-Alvio A"' 

AL = 0 


1- +-) 
l2’^2/ 


odd 

F" sine" 

2 y /2 04 

AV = 0 


r +1' 

2 ’ ^2y 

) 

even 

- 4 v '‘, X " 

_ 


TABLE III. Comparison of decays of fi® and B® to the final state K*n°n . 
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Isospin S TT® <-> TT t <r^ u. 


Under exact isospin and V-spin, the final state K^jfin has, 
the following two possibilities: 

1 . K^tjP would exist in either symmetrical or anti- 
symmetrical state w.r.t. their exchange in space, and 

2 . TT^TT^ would exist in either symmetrical or anti- 
symmetrical state w.r.t. their exchange in space. 

Following the steps as enunciated in subsection IIB, the am¬ 
plitude for the decay can be shown to have two components, 
one which is fully symmetric under exchange of any pair of 
final particles, and the other fully anti-symmetric under the 
same exchange. 

The final state can be expanded in terms of isospin and V- 
spin states as follows: 

• Isospin 


) = — 
' V 5 



(38) 


where the superscripts e, o denote even, odd behavior of 
the state under the exchange tt® <-> 


• V-spin 


'j — 


2 Vs 


2’'^2 


2 V 6 


3' 


3 1 
2’^2 
1 " 


—, H— 

2 2 


V 3 

V 2 VT 0 
2 V 3 

1 


3 

2’^ 

1 

2 ’' 


V 2 


1 ' 1 

—, H— 

2 2 


where the superscripts e, o denote even, odd behavior of 
the state under the exchange <-> V’. 

The sign changes as can be noticed in the above states arise 
from exchange of particles in the two particle states given be¬ 
low (as also noted in Table I): 


• Isospin: 


|7r*^7r ^ 

V2^'^ 


- 1 )/), 

(39) 




- 1 )/). 

(40) 

• V-spin: 





4 

II 

1 

to 

( |2, +l)y 

+ |l,+l)y) 


+ l)y 3 




(41) 

(N 

1 

II 

“fc: 

( |2, +l)y 

-|l,+l>y) 


+ 0y ■ 


(42) 


It would be clear from the expressions above that if isospin 
were an exact symmetry, the | 2 ,- 1 )/ and | 1 ,- 1 )/ states of 
|; 7 r“ 7 r®^ would exist in even and odd partial wave states respec¬ 
tively, as was the case in subsection IIB also. On the other 
hand, if V-spin were an exact symmetry the state must 

remain unchanged under <-> exchange. Under V-spin 
the state can exist in | 2 , -i-l)y and | 1 , H-l)y, out of which 

|l,-i-l)y has a contribution from the |0,0)yg admixture in jfi, 
denoted above by |1', H-l)y. Both state |2, H-l)y and the state 
| 1 ', H-l)y exist in space symmetric (even partial wave) states, 
and that part of | 1 , -i-l)y arising out of | 1 ,0 )y part of exists 
in space anti-symmetric (odd partial wave) state. 

If we consider the initial state to be which is isospin 
state but V-spin singlet |0,0)y state, the standard 
model Hamiltonian allows only AI = 0,1 and AV = || 
transitions. Therefore, in addition to the isospin amplitudes 
of Eq. 9, we can define the following V-spin amplitudes: 


Vs 3 
2’2 


V'b 3 


Vi . 


K 1 


3 

-r- 

2 : 
3' 1 

— , i — 

2 2 


^y=| 




0,0 

0,0 


2/1 1 
3\2’“2 
1(F 1 

3)2’ 2 


M’ 


-4 





(43) 

(44) 

(45) 

(46) 


The amplitude for the process can, therefore, 

be written as 


A(B° ^ K^TT^n-) = 


V- 


VTo V2 


(47) 


,, ^j=vu-^v7„-vr„\r’ 

2 \ V^ Vfi 2’2 2"2 


1 


1 


2V2 I V 3 


VU+V% Y"sm6", 


(48) 


where X" and Y" are functions that are, in general, arbitrary 
functions of r and cos 6”, and are introduced to take care of 
spatial and kinematic contributions to the decay amplitude. 
As argued before, the part of the amplitude even under isospin 
must also be even under V-spin and the part odd under isospin 
must again be odd under V-spin: 


- 


zT% X 


^AA - 


VTo 
3 

2 \V^ 

1 


1 




V 6 




^(-rv +T°,)Ys,me 

yj 2 ’2 '^’2 


—f- 

2 V 2 \ V 3 


V? 3 + V? 


3 3 
2’2 


V\\,\X 


(49) 


Y” sin0". 


(50) 
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We can conclude that the Dalitz plot distribution in the even 
numbered sextants would be identical to one another, and 
those of odd numbered sextants would also be similar. Any 
deviation from this would constitute a signature of simultane¬ 
ous violations of isospin and V-spin. 

Since and belong to different multiplets of t/-spin, in 
order to consider the symmetry properties under <-> one 
needs to define the G-parity analogue of t/-spin, denoted by 
Gu and defined in the Appendix A. Since charge conjugation 
is a good symmetry in strong interaction, Gu is as good as G- 
spin itself. The state \K^n~) is composed of states which are 
even and odd under Gy-parity: 

where 

and 


Gu\K^n-)^^\K^7:-)^, 

Gu\K^n-)^^-\K^n-)^. 


We have already proven that the amplitudes for the decay 
—> K^jjPn^ has two parts one even and the other odd under 
the exchange of any two particles in the final state. Hence, 
Jiss is odd under Gy and is even under Gy. Since the 
two Gy-parity amplitudes do not interfere the two amplitudes 
Jlss and ^AA do not interfere in the Dalitz plot distribution 
resulting in fAA being zero (Eq. (18)). Therefore if Gy is a 
good symmetry of nature it is interesting to conclude that the 
Dalitz plot is completely symmetric under s <-> f <-> u. The 
Dalitz plot asymmetries which would be a measure of the ex¬ 
tent of breaking of the SU(3) flavor symmetry are, therefore, 
given by 


^Isospin “ 


y/ y/// 1 

^VI ^IV 

+ 

y/// yV \ 

^IV 1 

-H 

yy 

1 

M 

yi + yjii 

^VI ^ ^IV 

yiii + yy 

^IV ^ ^77 

yy 

+ ^7 


1 

<1 

+ 

A^^^ - A^ 

^IV ^11 

+ 

<1 

<1 

1 

^VI ^ ^IV 

A^^^ + A^ 

^IV ^ ^11 

<1 

+ Ki 



^IV ^77 

+ 

y/ ylll ! 

^11 ^V1 \ 

+ 

y/// 

^VI 

1 

M 

•spin ” 

^IV + ^77 

yi + yiii 

^77 ^ ^VI 

y/// 

^VI 

-1- yv 


<1 


+ 

^II ^vi ! 

-1- 

^VI ^IV 

<1 

+ ^77 

^II ^ ^VI 1 

A^^^ + A^ 

^VI ^ ^IV 


^V-spin 


y/ ylll \ 

^IV ^11 ! 

+ 

-M. 

1 

M 

+ 

yv 

^VI 

-^’iv 

Y^ + E™ 

^IV + ^77 

E™ -1- E'^ 

Y^ 

A-VI 



A^ - A^^^ 
^iv ^11 : 

-1- 

A^^^ - A^ 
^// ^vi 

1 

+ 

a;;7 

-A^y 

^IV ^ ^11 ' 

A^^^ + A^ i 

^// ^ ^vi ' 

ai;7 

+ ^7V 


(51) 


(52) 


(53) 


where the E’s and A’s are as defined in Eqs. (25) and (26) re¬ 
spectively. It must again be noted that these asymmetries are 
in general functions of r and 0 (or 0' or 0”), and are defined 


throughout the Dalitz plot region, including resonant regions. 
It would again be interesting to look for patterns in the vari¬ 
ations of these asymmetries inside the Dalitz plot. Observa¬ 
tion of these asymmetries would quantify the extent of break¬ 
ing of SU(3) flavor symmetry in the concerned decay mode. 
One can also look for such asymmetries in the Dalitz plot for 
B® —> . The amplitudes for this process are given in 

Table III. 


D. Decay Mode with final state K*7/’fG’ 


Eor study of simultaneous violations of both G-spin and V- 
spin, we look at decays such as B^ or and their 

conjugate modes. In this state, and tt® are exchangeable 
under V-spin and 7iP,K^'' are exchangeable under G-spin. Un¬ 
der V-spin, the state can exist in | 2 , -i-l)y and | 1 , H-l)v, 
out of which the state |l,-i-l)y has a contribution from the 
|0,0)yg admixture in jp. Thus assuming V-spin to be an ex¬ 
act symmetry would put the state | 2 , -i-I)y and that part of 
11 , -i-l)y state coming from |0, Ojyg contribution of tP in space 
symmetric (even partial wave) state. The remaining part of 
|I,-i-l)y state would be in space anti-symmetric (odd partial 
wave) state. Similarly, the jPK^^ state would exist in \2,-\)u 
and |l,-l)j/, out of which the state |l,-l)j/ has a contribu¬ 
tion from the |0,0)j/g admixture in tP. Thus, if G-spin were 
assumed to be an exact symmetry, the states | 2 , - I);/ and the 
| 1 , -l)j/ state coming from | 0 , 0 )(/g part of jp would exist in 
space symmetric (even partial wave) states, and the other part 
of |l,-l)u would exist in space anti-symmetric (odd partial 
wave) state. 

Therefore, under exact G-spin and V-spin, the final state 
K^tPK^ has, the following two possibilities: 

1 . K^tP would exist in either symmetrical or anti- 
symmetrical state w.r.t. their exchange in space, and 

2 . tPK^ would exist in either symmetrical or anti- 
symmetrical state w.r.t. their exchange in space. 

Again, following the steps as enunciated in subsection IIB we 
can conclude that the Dalitz plot distribution in the even num¬ 
bered sextants would be identical to one another, and those 
of odd numbered sextants would also be similar, as given in 
Eqs. (20) and (21). Any deviation from this would constitute 
a signature of simultaneous violations of G-spin and V-spin. 
We can once again reaffirm the same logic as given in sub¬ 
sections IIB and IIC, by invoking the G/-parity operator (see 
Appendix A) to connect and belonging to two different 
isospin doublets. This would lead to a fully symmetric Dalitz 
plot which would be broken when G/ is broken. The ampli¬ 
tudes for the two decay modes under consideration are given 
in Table IV. The Dalitz plot asymmetries that can be useful in 
this case are given by 


Msospin “ 



+ 

1 

1 

M 

-H 

ylll 

^V1 

1 

M 


yi + y™ 

"^77 ^ ^V 7 

ylll 

^VI 

-1- yv 

+ ^iv 


-A^ 

“/y ^7/ 




A' - A™ 

^7/ ^VI 


A^ h-A™ 

^77 ^ ^VI 


A™ - A'" 

“V7 ^IV 


A™ -I- a'" 


( 54 ) 
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K* 7 pK° 




{/-spin (initial state |0,0>) 


T 

-spin (initial state |^, +^)) 

transition 

final state 

symmetry 

Amplitude 

transition 

final state 

symmetry 

Amplitude 

AG = i 

1- 

|2’ If 

odd 

^G" r sinG 

2V2 i,7 

AT = 1 

1- +-) 
I2’ ^2/ 

mixed 

-^ T% A" - T% K" sin 6 " 

2VI0 1,2 2V2 1,2 

AG = i 

ir _i\ 

\l ’ 2/ 

even 


AT = 1 

1-' +-) 
I2’^2/ 

even 

^V'%,X" 

1-9 

AG = 1 

1- 

l2’ if 

mixed 


AT = 1 

1- +-) 
I2’ ^2/ 

odd 

—Vw, Y" sine" 

2 y/2 l,i 

AG = 1 

| 3 ^ l\ 

\l ’ if 

even 


AT= 1 

1-' +-) 
I2’^2/ 

even 

^V’\,X" 

1,7 





AT = 0 

1- +-) 
I2’ ^if 

odd 

—IpT", T" sine" 

2 y/2 0,i 





AT = 0 

1-' +-) 
I2’^2/ 

even 

^V’\X" 

2 0,1 




D+ 





G-spin (initial state - | ^^ 

T-spin (initial state | 0 , 0 )) 

transition 

final state 

symmetry 

Amplitude 

transition 

final state 

symmetry 

Amplitude 

AG = 1 

1- 

|2’ if 

mixed 

- -\U\Y' sine' 

2ViO 1.) 2V2 1,? 

AT= 1 

1- +-) 
I2’ ^2/ 

mixed 


AG = 1 

13 ^ l\ 

I2 ’ if 

even 

^U'\,X’ 

2 1.) 

AT = 1 

I2’^2/ 

even 

1 \/fe V" 

2 V3 3,A 

7,7 

AG = 1 

1- 

l2’ if 

odd 

Pt,U\Y' sine' 

2V2 1,1 

AT = i 

1- +-) 
I2’ ^2/ 

odd 

-^T" ,r' sine" 

9,9 

AG = 1 

ir _i\ 

12 ’ 2/ 

even 

-^U'\,X' 

AT = i 

1-' +-) 
I2’^2/ 

even 

V 3 t/re v" 

V2^i 

9,9 

o 

II 

<1 

1- 

|2’ if 

odd 

— ^-rW’.Y' sine' 

2V2 0.) 





AG = 0 

1-' 

I2 ’ 2/ 

even 

^U'\,X’ 

2 0,1 






TABLE IV. Comparison of amplitudes for the decays of and D* to the final state 


^[/-spin 


^V-spin 


y/ ylll ; 


II" - IP, 



- 

^VI ^IV ; 

+ 

IV II 

+ 

II 

^VI 

yi + yjii 

^VI ^ ^iv 

ylll I yV' 

yy 

^II 



2^ 

v 

1 

<1 
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^IV ^II 

-H 

<1 

-^VI 

At + A™ 
2iy/ + ^iv 

A^^^ + A^ 

^IV ^ ^// 

<1 

+ Ki 


y/ ylll 

^IV ^II ! 

+ 

1 

M 

+ 

yv 

^VI 

- yJ 

^IV 

yi + yiii 

yt// + yv 

yv 

^VI 



A^ - A^^^: 

^IV ^II 1 

+ 

A^^^ - A^ 

^II ^vi 

1 

+ 

a;;/ 

-A^y 

^IV ^ ^II 

A^^^ + A^ 

^ii ^ I 

a;;/ 

+ Ajy 


(55) 


(56) 


Once again the asymmetries being, in general, functions of r 
and 0 (or 0' or 0”) it would be quite interesting to look for their 
variation across the Dalitz plot. These would be the visible 
signatures of the breaking of SU(3) flavor symmetry. 


E. Decay Mode with final state 


as and the conjugate mode. In the final state 

considered here, isospin exchange implies tiP <-> n^, t/-spin 
exchange implies tP <-> KP and V-spin exchange implies 
TT^ <-> SP. The SU(2) decompositions of all the pairs of par¬ 
ticles under their respective SU(2) symmetries have already 
been considered in subsections IIB, IIC, IID. Once again, the 
steps elaborated in subsection IIB are applicable to this case 
also. The amplitudes for this decay mode can be easily read 
off from Table V. However, in this mode the even and odd 
contributions to the decay amplitude can interfere as they are 
not eigenstates of Gy, resulting in even and odd numbered sex¬ 
tants to have distinctly different density of events as depicted 
in Eqs. (20) and (21). Note that the Dalitz plot distributions 
for the even (odd) numbered sextants of the Dalitz plot would 
still be identical if isospin and t/-spin are exact symmetries. 
The breakdown of isospin, t/-spin and V-spin could be quan¬ 
titatively measured using the following asymmetries: 


Finally, we consider a mode where each pair of particles 
in the final states can be directly related by one of the three 
SU(2) symmetries, namely isospin, t/-spin and V-spin. Here 
we do not need G/, Gy or Gy to relate the final states. We 
consider as an example decays with final state n^jPSP such 


Msospin “ 


y/ y///, 

^IV ^II ■ 

+ 

ylll yV 

^// ^vi 

-H 

^VI 


YJ + E™ 

+ 

M 

yV 

^VI 



^iv ^ii ; 

-H 

A^^^ - A^ 1 

^II ^vi ! 

+ 


-Ajy 

A^ +A^^^! 

^IV ^ ^II 1 

A™ + a'" 
2 i// +^vi\ 

Kr 

+ A/y 


, ( 57 ) 
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y/ ylll I 

^V1 ^IV ^ 
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ylll yV 
^IV ^II 

-H 


1 

M 

•spin “ 

yi + yiii 

+ 

M 


H- 

M 


^VI ^IV 

+ 

! 

A^^^ - A^ 1 
^iv ^//1 

1 

+ 

1 

<1 


A^ +A^^^ 

^VI ^ ^IV 

A^^^ + A^ ^ 

^IV ^ ^// ' 

<1 

+ ^vi 


^V-spin 


y}' - W 

+ 

1 

M 

+ 

1 

ylll 

^VI 

1 

M 

yy -1- w 

^IV + ^7/ 

y / , y/// 1 

^ ^VI ' 

ylll 

^VI 

H- 

M 




A); + 


- A™ 

^// ^v/ 


A^ +A™ 
^// ^ ^v/ 


A™ - A'" 
“y/ ^/y 


A™ + A'" 
“y/ ^ ^/y 


(58) 


(59) 


Once again these asymmetries being, in general, functions of r 
and 6 (or 9' or ff') it would be very interesting to look for their 
variation across the Dalitz plot. These would constitute the 
visible signatures of the breaking of SU(3) flavor symmetry. 


III. CONCLUSION 

In this paper we have elucidated a new model independent 
method to look for the breaking of the SU(3) flavor symme¬ 
try in many three-body decay modes, namely or —> 

/i:";r“7r+, or B*] ^ B+or D+ ^ and 

The novelty in choosing these decay modes is 
that pairs of the final state do belong to at least two different 
SU(2) triplets, and hence under the assumption of exact SU(3) 
flavor symmetry, the amplitude for the process has two parts: 
one fully symmetric and another fully anti-symmetric under 
the exchanges s <-> f <-> m. This gives rise to a characteris¬ 
tic pattern in the Dalitz plot distribution: the alternate sextants 
must have identical distribution of events. Any deviation from 
this behavior would constitute an evidence for the breaking of 
SU(3) flavor symmetry, which indeed is broken in nature. We 
have provided mode specific Dalitz plot asymmetries which 
can be used to quantify the extent of SU(3) symmetry break¬ 
ing in each of the decay modes under our consideration. These 
asymmetries are defined in the full region of the Dalitz plot 
and can be measured both along resonances and in the non¬ 
resonant regions. A quantitative estimate of the variation of 
these asymmetries obtained experimentally would provide a 
valuable understanding of SU(3) breaking effects. It would 
also be interesting to find regions of the Dalitz plots where 


SU(3) is a good symmetry. A better understanding and mea¬ 
sured estimate of SU(3) breaking would help in reliably esti¬ 
mating hadronic uncertainties and hence result in effectively 
using it to measure weak phases and search for new physics 
effects beyond the standard model. 
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Appendix A: G-parity and final states 


The G-parity operator G/ (or Gy or Gy) is defined as a rota¬ 
tion through n radian (180°) around the second axis of isospin 
(or G-spin or V-spin) space, followed by charge conjugation 
(G): G/ = where G is the second generator 

of SU(2) isospin (or G-spin or V-spin) group, and T 2 is the 
second Pauli matrix. G-parity as defined here transforms the 
various SU(2) multiplets as follows: 
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